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Abstract 

We consider two-dimensional marked point processes which are Gibb- 
sian with a two-body-potential of the form U = JV + K, where J and K 
depend on the positions and V depends on the marks of the two particles 
considered. V is supposed to have a continuous symmetry. We will gen- 
eralise the famous Mermin-Wagner-Dobrushin-Shlosman theorem to this 
setting in order to show that the Gibbsian process is invariant under the 
given symmetry, when instead of smoothness conditions only continuity 
conditions are assumed. We will achieve this by using Ruelle's supersta- 
bility estimates and percolation arguments. 

1 Introduction 

Gibbsian processes were introduced by R. L. Dobrushin (see jDlj and |D2j ). 
O. E. Lanford and D. Ruelle (see |LR| ) as a model for equilibrium states in 
statistical physics. (For general results on Gibbs measures on a d-dimensional 
lattice we refer to the detailed book of H.-O. Georgii |Glj . which covers a wide 
range of phenomena.) The first results concerned existence and uniqueness 
of Gibbs measures and the structure of the set of Gibbs measures related to 
a given potential. The question of uniqueness is of special importance, as 
the nonuniqueness of Gibbs measures can be interpreted as a certain type 
of phase transition occurring within the particle system. A phase transition 
occurs whenever a symmetry of the potential is broken, so it is natural to ask, 
under which conditions symmetries are broken or conserved. The answer to 
this question depends on the type of the symmetry (discrete or continuous), 
the number of spatial dimensions and smoothness and decay conditions on 
the potential (see |Glj . chapters 6.2, 8, 9 and 20). It turns out that the case 
of continuous symmetries in two dimensions is especially interesting. The 
first progress in this case was achieved by M. D. Mermin and H. Wagner, 
who showed for special two-dimensional lattice models that symmetries are 
conserved f |MW| and [M])- I n [DSj R. L. Dobrushin and S. B. Shlosman 
established conservation of symmetries for more general potentials which 
satisfy smoothness and decay conditions, and C.-E. Pfister improved this result 



in [Pj; considering a continuous model J. Frohlich and C. Pfister ( [FPj ) worked 
with the concept of superstability (see [R|), whereas H.-O. Georgii gave a 
fairly elementary proof in |G2| . All these results rely on the smoothness of the 
interaction, and only recently D. Ioffe, S. Shlosman and Y. Velenik showed 
that mere continuity suffices in the lattice model ( |ISV| ) using a perturbation 
expansion and percolation theory. 

We will generalise the last result from a lattice to a continuous model, using 
superstability techniques. Apart from that we will mimic the proof of D. Ioffe, 
S. Shlosman and Y. Velenik and use a very similar percolation argument. 

In section 2 we will describe the situation considered and state the result 
obtained. The precise setting is then given in section 3. In section 4 a proof of 
a weaker version of the result is given. The proofs of all lemmas are relegated 
to section 5, and in section 6 we will show how to deal with the general case. 

Acknowledgement: I would like to thank Prof. Dr. H.-O. Georgii for sug- 
gesting the problem and many helpful comments. 

2 The Result 

We consider infinitely many particles in the plane, where a particle has a posi- 
tion in 1R 2 and internal degrees of freedom. These can be modeled by assigning 
to the particle a value from some measurable spin space (or mark space) S. The 
particles may interact via a pair potential £7. So £7 is a measurable function 

£7 : (R 2 x S) 2 -> R := EU {+00} 

such that £7(2/1,2/2) = £7(2/2,2/1) for all (2/1,2/2) G D, i. e. £7 is symmetric. Here 
we assume £7 to be of the form 

£7(xi,o-i;x2,cr 2 ) = J (xi - x 2 )U ((Ji,cr2) + K(xx - x 2 ) (2.1) 

such that the functions U : S 2 -> R, J : R 2 -> R and K : R 2 -> R are 
measurable and symmetric, and J is V'-dominated, i. e. 

\J(x)\ (1 + ||x|| 2 ) < V(IMI) Vi G R 2 , 
where ip : R+ := [0, 00 [— ► R + is a given decreasing function such that 

roa 

/ tp(r)r dr := tp s < 00. 
Jo 

We will call a potential £7 of the above form 1)2 a ^-dominated potential 
corresponding to J,K,U. 

We are only interested in the equilibrium states of a thermodynamical sys- 
tem as described above, and as a model for these we take the concept of Gibbs 
measures. Supposing that the given potential has some internal symmetry, we 
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would like to know whether the possible equilibrium states inherit this sym- 
metry necessarily. For example, considering a potential which does not change 
under rotation of spins, under what conditions are the equilibrium states invari- 
ant under spin rotation? Here we are concerned with continuous symmetries 
only, so that we can model the symmetries by a Lie-group G acting on the spin 
space S. Our result is then the following: 

Theorem 1 Let (S, r B(S), As) be a probability space such that S is a compact 
topological space and "B(S) its Borel-a -algebra. Let G be a compact connected 
Lie-group operating on S such that the operation is continuous and the reference 
measure As is G-invariant. Let U be a superstable, lower regular, ^-dominated 
potential corresponding to J, K, U such that U is continuous and G-invariant. 
Then every tempered Gibbs measure corresponding to U is G-invariant. 

The exact definitions of the objects and properties in the formulation of the 
above theorem will be given in the next section. 

3 The Setting 

3.1 Configurations of particles 

We consider the plane 1R 2 with maximum norm ||.||. Let 

At := [-t,t[ 2 for t G IR+ and C r := r + 

be subsets of 1R 2 . On R 2 let S 2 be the Borel-cr-algebra, and S 2 , C S 2 the set 
of all bounded Borel sets. The Lebesgue measure on (R 2 ,S 2 ) will be denoted 
by A 2 . 

For describing the marks or spins of the particles let S be a topological 
space, 'B(S) the Borel-cr-algebra on S and As a normed reference measure on 
(S, H(S)). As As is the only measure to be considered on (S,H(S)), we will 
simply write da := d\s(cr) when integrating with respect to As- 

A configuration Y of marked particles is described by a subset of 1R 2 x S 
which is a locally finite, in that \Y n (A x S)\ < oo for all A G 23 2 , and simple, 
in that for all (xi,a\) / (#2, 02) G Y we have x\ / x^. The configuration space 
y is defined to be the set of all locally finite and simple subsets of R 2 x5. A 
configuration Y G y is said to be finite if | V | < 00. Given a particle y G 1R 2 x S, 
we want to consider the position y° G 1R 2 and the spin a y G S of the particle, 
and given a configuration Y G y let Y° := {x G 1R 2 : 3 a G E : (x, a) G Y}. 
For Y G y and x G 1R 2 such that (x,a) G Y let a x (Y) := a and a x := a x (Y) if 
it is clear which configuration is to be considered. 

For Y G y , A G £ 2 , B G 2(5) let Y AjB := Y n (A x B) and Y A := Y Aj s the 
restriction of Y to A x 5 and A respectively, y A := {Y G y : Y C A x S} the 
set of all configurations in A, N\ : b{Y) := \Y\ : b\ the number of particles of Y 
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in A with marks in B and N\ := Na,s- The counting variables Na,b generate 
a <j — algebra 3~y on y. For AeS 2 let 3~y A be the cr-algebra on ^a obtained by 

restricting GFy to and let $y,A '■= e ~j}^ A ^ e ^ ne <7-algebra on y obtained 
from J(j A by the restriction mapping e\ : ^ — > ^a, Y l— * Ya- For disjoint sets 
Ai, A 2 G T> 2 and configurations Y, Y G ^ let Y Al Y A2 := Y Al U Y\ 2 . 

The mean quadratic particle density per unit square for Y G V is defined by 
«n(Y) := — ^— £ A£ r (Y). 

A configuration Y G y is said to be tempered if s(Y) := sup ne]N s n (Y) < oo. 
Let G be the set of all tempered configurations. 

Now similar objects can be considered for particles without marks. Let 
X := {ICE 2 : |XnA| < oo V A G H 2 } be the configuration space of particle 
positions. The restrictions Xa, the set of configurations in A Xa, the counting 
variables Na, the a— algebras 9~x, 3"xa anc ^ ^A and Xa^Xa 2 are then defined 
analogously to the objects above. The projection o : y — > X, Y i— > Y° obviously 
is measurable, so 9"x can be considered as a subset of via the identification 
of a set Xi G 3~x with o _1 Xi G For example we have that ^ G 9~x- For 
any X G X and a family of marks (cr^zex let (X,a) := {(x,^) : x G X} the 
configuration determined by X and <r. 

Let z > be an activity parameter which will be fixed throughout this 
paper. Let v := v z be the distribution of the Poisson point process on (^,3^) 
with intensity z and distribution of marks A5, and v° := v° z be the distribution 
of the Poisson point process on (X, 5Fx) with intensity z. So 

/ = e" zA2 ( A ) V ^ / d Xl ...dx k f({ Xi : 1 < i < k}), 

for any 3^x, a - measurable nonnegative function / : X — > R + and 

J fdv = j v°(dX) J da Xh f((X A ,a)), 
for any 3~y,A— measurable nonnegative function / : y — > R + . 
3.2 Configurations of bonds 

For any set Z and distinct zi, z 2 £ ^ let -21-22 := { z i, -22} be the bond joining z\ 
and z 2 . Let E(Z) := {z\z 2 ■ z\ , Z2 G 21 7^ z 2 } be the set of all bonds in Z. 
On EiJR 2 ) the cr-algebra 

J E(R2) := {{ Xl x 2 G -E(1R 2 ) : (x 1 ,x 2 ) £ B} : Be (¥> 2 ) 2 } 

is given. Let 

g ■= {EC E(R 2 ) : \{xy G E : xy C B}\ < 00 V 5 G } 
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be the configuration space of bonds, i. e. the set of all locally finite bond sets. 
On £ the <r-algebra is defined to be generated by the counting variables 
N E , : £ -> N, E ^ \E' n E\ {E 1 G 5 E {b?))- 

For a countable set E G £ one can also consider the Bernoulli-cr-algebra 
He on £# := T(E) C £, which is defined to be generated by the family 
of sets ({E' C E : e G E'}) ee E- It is easy to check that the inclusion 
(EeiHe) (£)3~£) is measurable. Thus any probability measure on (Se^e) 
can trivially be extended to (£, ^g). 

Given a countable set E and a family (e e ) ee £ of real numbers in [0, 1] the 
Bernoulli measure on (T(E), He) is defined as the unique probability measure 
for which the events ( {E' C E : e G E'} ) eg £ are independent with probabilities 

(te)e£E- 

3.3 Interaction and superstability 

Our next step is to introduce the interaction between particles. As mentioned 
before we will consider a ^-dominated potential corresponding to J, K, U as 
defined in and below of (|2.1j) . The energy of a finite configuration Y G "% is 
defined as 

ff^(Y) := E U (y^ 

yiV2&E(Y) 

and for two finite configurations Y, Y' G y let 

w^cy.y) = E E 

be the interaction energy of the configurations. Definition IfM.lJI can be 
extended to infinite configuration Y' whenever W U (Y, Y^) converges as A f IR 2 
through the net S 2 . 

For a configuration Y G y let H?{Y) := {r G Z 2 : iVc r (Y") > 0} be the 
minimal set of lattice points such that the corresponding squares cover Y. Then 
a potential is called superstable if there are real constants A > and B > 
such that for all finite configurations Y G y 

H U (Y) > E [^(Y) 2 -^^)]- 

r6Z 2 (Y) 

A potential is called lower regular if there is a decreasing function ^ : N — > 1R+ 
such that 

E ^(IMI) < 00 an d 

r£Z 2 

w^(y,rO > - E E ^Ik-^D^^ + ^cy') 2 ] 

rez 2 (y) sez 2 (y) 
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for all finite configurations Y,Y' £ V . Note that any ^-dominated potential 
corresponding to J,K,U such that also K(x) > — ■0( ||x|| ) for all x € R 2 is 
lower regular. 

It is well known that for any superstable and lower regular potential U, 
any finite configuration Y £ ^ and any tempered configuration 1"' € the 
interaction energy W t/ (Y,y / ) exists in ] — oo, oo], see [E] for example. 

3.4 Gibbs measures 

Given a superstable and lower regular potential U, the Hamiltonian of a con- 
figuration Y £ y in A £ D 2 with boundary condition Ya c £ is defined by 

H u h {Y k Y k c) : = H u (Y A ) + W u (Y A ,Y A c) = U( yi ,y 2 ). 

yiy2&E(Y A Y A c): y1y°nA^ 

The integral 

Zl{Y) := J ' u{dY) e-^P^Ac) 

is called the partition function in A £ B 2 for the boundary condition Ya c £ ^t- 
Using sup erst ability and lower regularity of U and temperedness of Y one can 
show that Z^(Y) is finite (see [R] for example), and considering the empty 
configuration Y one can show that Z A (Y) is positive. The Gibbs distribution 
7 A / (.|y) in A £ 2$b with boundary condition Y A c £ potential U and activity 
z is thus well defined by 

j1(A\Y) := ZfiY)- 1 J u{dY) e- H ^ Y ^h A {Y K Y K c) for A £ 2r H . 

7^ is a probability kernel from (^,9^) to (V,9"y). Let 7a := 7^ if it is clear 
which potential is considered. Let 

9(10 := {^£?(y,?y) : MGJt) = l 

M (A|% r2 \ A )=7a(^I0 M-a-s. VA£^,A£03 2 } 

be the set of all tempered Gibbs measures for the potential U and the activity 
z. It is easy to see that for any probability measure \i £ IP^ffy) such that 
= 1 the equivalence 

M£9(^) (^7a =/^VA£03 2 ) 

holds. So for every /i £ S(J7), / : y — > R+ measurable and A £ S 2 we have 

J /s(dY) f(Y) = j ) 1 7 A W^) /(WaO- (3-2) 

For a superstable and lower regular potential U and a tempered Gibbs 
measure \x £ S(C^), the correlation function p u ^ of fj, is defined by 

p^(y) = e -» u (y) f ^dY)e- wU{Y ^ 
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for any finite configuration Y. It is a remarkable consequence of Ruelle's su- 
perstability estimates that there is a constant £ G R such that 

p U '"(Y) < e |Y| (3.3) 

for any finite configuration Y G y. (For a proof see |K]-) We will call a 
(gH satisfying (|3,3|) a Ruelle bound. Actually we will need this bound on the 
correlation function in the following way: 

Lemma 1 Let U be a superstable and lower regular potential, /i G 9{U) a 
tempered Gibbs measure and £ G R a Ruelle bound. Then we have 

p(dY) f(xi,...,x m ) < (z£) m / dxi...dx m f( Xl ,...,x m ) (3.4) 

xi,...,x m eY° 

for every integer m > and every measurable function f : (R 2 )' m — > R + . 

We use as a shorthand notation for a multiple sum such that the summation 
indices are assumed to be pairwise distinct. 

3.5 Transformations of spins 

Now let the spin space S be a compact topological space, and G be a compact, 
connected Lie-group operating on S, 

op : G x S — > S, (t, a) i— > op(r, <r) =: t(<t), 

such that the operation is measurable. 

For every r <E G we also consider f : y — > y , f (Y) = {(x, r(a)) : (x, a) G Y}, 
and f : D — > D, f{x\, a\\ X2, 02) = (a?i, 7"(<ti); X2, r(o"2)). Usually these map- 
pings will again be denoted by r. Furthermore, for a configuration K € y and 
r : Y° -> G we write := r(V) := {(x, t(s)(<t)) : (x, a) G F}. 

t G G is called a symmetry of a given pair potential U if [7 o r = U. If this 
holds for every r G G, then £/ is said to be G-invariant. The reference measure 
Xs is called G-invariant if A5 o r _1 = A5 for all r G G, and a Gibbs measure 
/x G S (f7) is called G-invariant if \i o r _1 = /x for all r G G. 

4 The case of ^-action 

We will first consider the mark space (S,'B(S),Xs) '■= (S , ^(S 1 ), A51), where 
S 1 is the unit circle, ^(S 1 ) is the Borel-cr— algebra on S 1 and A51 is the 
Lebesgue-measure on S , and transformations r G G := {r CT : cr G S 1 }, where 
T a is defined to be the rotation with angle a. For a, a' G S 1 = R/ (27rZ) 
we write r a (o~') =: cr' + <r. In order to simplify notation we identify 
a rotation with its angle, i. e. we identify S 1 = R/27rZ with [0, 2tt[, and 
so we consider functions on S 1 as 2-7r-periodic functions on R whenever possible. 
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If all rotations r € G are symmetries of the ^-dominated potential U cor- 
responding to J, K, U, then U can also be written in the form 

U{x 1 ,a 1 \x 2 ,a 2 ) = J(xi -x 2 )V(a 1 - a 2 ) + K(x\ -x 2 ), 

where V : S — > R is defined by V(o~) := U (a, 0). On the other hand a potential 
of the above form is G- invariant. It is called the ^-dominated potential cor- 
responding to J, K, V. As an additional preliminary simplification we assume 
that J > 0. So we consider the follwing special case of theorem ^ 

Theorem 2 Let U be a superstable, lower regular tp -dominated potential cor- 
responding to J, K, V such that J > and V is continuous. 
Then every tempered Gibbs measure corresponding to U is G-invariant. 

In the following subsections we will give a proof of this theorem. 
4.1 Constants and Decomposition of V 

Let U be a potential with the properties stated in Theorem |2 /i G 9(U) a 
tempered Gibbs measure and £ € R a Ruelle bound satisfying (|3..3|) and 1 < 2z£, 
where again z is the intensity of the underlying Poisson point process. As a 
consequence of the -^-domination of J and the integrability condition on ip there 
is a real constant cj such that 

1 + ^(0) + J J{x)(l + \\xf)dx < cj, 

and there are real constants c(R) for R > such that lim^^oo c(R) = and for 
all R > 

Jl {M> _ R) J(^ < c( fl ). (4.1) 

We want to show the G-invariance of /U by an argument similar to the one given 
in |(irl| . chapter 9.1, proposition (9.1). So we fix a transformation r €]0, 7r[, 
a test cylinder event -B G 3 r y,A n / £ N) and a real <5 > 0. Furthermore let 
1 > e > such that 

cje < 2cjz£e < 1, (4.2) 

As the above parameters are fixed for the whole proof we will ignore the 
dependence of any variable on any of the above parameters. 

As V is a continuous function on S 1 , V can be approximated by trigonomet- 
ric polynomials due to the Weierstrafi theorem. So we have the decomposition 
V = V — v, such that V is smooth (i. e. twice continuously differentiable), and 
\v\ < |. Defining v := v + | and V := V + | we get the decomposition 

V = V — v with smooth V and < v < e. 

By symmetrizing V and v we can assume V and v to be symmetric. Let U be 
the '(/'-dominated potential corresponding to J,K,V. 
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4.2 Decomposition of [l and the bond process 

For n G N and X G X we consider the bond set 

E(X, n) := {xix 2 G : J(»i - x 2 ) / 0, xix 2 n A n ^ 0}. 

In order to be able to extend the decomposition of the potential function V to 
a decomposition of the Hamiltonian we need : 

Lemma 2 For each n G N there is a set X n G £Fx such that /i(X„) = 1 and 

J(xi — £ 2 ) < oo Vie X n . 

Now let n G N and Y € X n be fixed. Because of lemma |2] we have 

xiX2£E(Y°,n) 

and therefore 

e"^ (y) = £' V n (AY), (4.3) 

AcE(y°,n) 

where we have used the shorthand notation 

V n (A,Y) := e- H l( y ) [J ^J(x 1 -x 2 )v(a xl (Y)-a X2 (Y)) _ y 

X1X2&A 

for n G N, Y" G V and finite ^4 C E(Y°, n). The summation symbol ^ in ()4.3jl 
indicates that the sum extends over finite subsets only. For n £ N, I £ ^A n) 
Y G such that XY° G X n , finite A C E n := E(XY°,n), £' G S Bn and 



D G Jij we define 




W n (X,Y) 


:= Jda x e- H ^ x ^) 


w n (A,x,y) 


:= J da x V n (A,{X,a)Y 


7r n (£'|X,y) 


y*> W n (A,X,Y) 



a n (D\A, X, Y) := x ?) j da x V n (A, (X, a)Y) 1 D ((X, a)Y). 

As J and v are nonnegative the above factors and integrands are nonnegative, 
too, and so all products and integrals are well defined. If W n (X,Y) = or 
XY° $l X ra we define ir n (.\X,Y) to be the probability measure on (££ n ,I>£ n ) 
with whole weight on the empty set. If W n (A, X,Y) = or XY° £ 1 n or A G £ 
is not a finite subset of E n let a n (.\A,X, Y) be an arbitrary fixed probability 
measure on (y, Jy). For n G N, X G Xa„ and Y G such that W n (X, Y) > 
and 17° G X n we have by (JOJ 

7r n (£ £ jA,Y) = - * ^ / da x V n (A,(X,a)Y) = 1. 
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Therefore 7r„(.|A, Y) is a probability measure on (£e„, !B (£#„)) and can be con- 
sidered as a probability measure on (£, SFg) as remarked earlier. All above func- 
tions are measurable in their arguments with respect to the given cr-algebras, 
which is an easy application of the measurability parts of Fubini's theorem and 
Campbell's theorem (see |MKM| . Proposition 5.1.2. for example). Hence both 
7r n and a n are probability kernels. By the above definitions and by l|4.3|) for 
every D G 5Fy and Y G V one has the decomposition 

7A „(£>nX n |F) 

= Zf(Y) I U ° {dX) / s x A „ ^ e-^C^^) l (Dn x„)((^A nJ a)y A c) 
= j\° An (dX\Y) l^(X A „y A c) y'7r n (£Ll|JfA B ,yAc)a n (£)|A,JC A „,y A c), 

(4.4) 

where 7 A (.|y) := 7A n (-|y) ° o . Now we want to examine the percolation 
process given by 7r n . So let n G N, y € V and E n := E(Y°,n). n n (.\Y£ , y A = ) 
has its whole weight on the countable set of finite subsets A C E n , but this 
measure shows a strong dependence of different bonds. Fortunately, this mea- 
sure is stochastically dominated (H) by a Bernoulli measure, where the order on 
the underlying space £g n is given by the inclusion. This stochastic domination 
will be an important tool for evaluating bond probabilities. For a definition of 
stochastic domination see |GHM| . for example. 

More precisely, for given A G X let 7r(.|A) be the Bernoulli measure on 
(^E(x)^E(x)) with bond probabilities e XlX2 := J{x\ — x^e for x\X2 G E{X). 
Note that < e XlX2 < 1 for all bonds x\X2 G E(X), which is a consequence of 
the condition on e in (|4.2|) . and even < for all X1X2 G E(X,n). Again 

7r(.|X) can be considered as a probability measure on (£,9"g), and indeed is a 
probability kernel. We now have 

Lemma 3 For all n G N and Y G 

vr„(.|y A n ,y A c) ^ vr(.|y°). (4.5) 

4.3 Deforming the spin transformations 

For a configuration of positions A G X and a bond set A C E(X) let < ► := 

<— — > be the equivalence relation on X such that for all x±,x 2 G A we have 

xi > X2 iff either x\ = X2 or there is a finite path in A joining xi and X2 and 
using bonds in A only. For x\ 7^ X2 G A, the inequality 

m 

n(x 1 ^x 2 \X) < E ^Il^-ii) ( 46 ) 

m>l iJ,..,^eX: i=l 

is an easy consequence of the above definition. For a configuration A G X, a 
bond set A C E(X) and a point x G A let 

CAx(aO := {%' G A : x < — ► x'} 
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be the percolation cluster of x in (X, A) . Furthermore we want to consider the 
range of clusters, so for x £ X and A 6 let 

fA,x(x) ■= sup{||x'|| : x € Ca,x(x)} and 

j max{r A)X (x') : x' G AnI} for A n X ^ 
10 for A n X = 0. 



r A,x(A) 



Obviously ||x|| < va,x(x) < oo and rA,x(A) < oo. Now we have an estimate 
for the range of the cluster of the given set A n /, where n' is the natural number 
fixed in section B~T1 

Lemma 4 There exists an integer R > n' and a set Xr € 3~x sitc/i that 
fJ>(Xji) > 1 — 2<5 and, for every Y G Xr and n > n' , 

Kn({A : r A MK>) > R} I Y£ n ,Y A cJ < 5. (4.7) 

From now on let an integer R>2 with the above property be fixed. In order to 
construct the spin deformation we define the functions q : R — > R, Q : R — ► R, 
r : R x R + -> R and r„ : R 2 S 1 for n > R by 

1 f k 
q(s) := 1{ S<2 } H : — r ^-l{ s>2 }, := / q(s)ds, 

siog(s) y 

r(s,k) := l{ s <o} + J g7^yds / l{o<s<fc} ) r n (x) := r • r(||x|| - i?, n - 



Lemma 5 For all n > R and x,x' E R 2 smc/j £/iaf ||x'|| > ||x|| we have 

< r n (x)-r n (x') < t\\x-x'\\ 9 ^~^ , (4.8) 

Q(n - R) 

lim^oo Q(n) = oo, 

T~n{x) = T for \\x\\ < R and T n (x) = for \\x\\ > n. (4.9) 

However, what we really need here is a spin deformation which is constant on 
points joined by a bond of a given set A. So, for n £ N, X € X and A C -E(X, n) 
we define Tn' A '■ X —* 5* 1 by 

t£' A (x) := min { T n (x') : x' £ X and x <-^-» x' }. 

This spin deformation can be seen to be measurable in x, X and A with respect 
to the given cr-algebras using Campbell's theorem. Because of Q4.9|) we have 
Tn(x') = for ||x'|| > n, so the minimum is attained at some point tA(x) £ X 
(t A (x) := x for ||x|| > n). By construction we have 

IMa:)|| > ||x||, t A (x)^x, T^ A (x)=T n (t A (x)) Vx£l 
and T n ' (x) = r n ' (x') V x, x € X such that x < — > x . 
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4.4 Proof of Theorem [U 

In order to simplify notation, for n G N, X G X and S n := E(X, n) let / n ,x : 
£_B n — > R be defined by 

f n ,x{A) := £ J{x-x'){r^ A {x)-r^ A {x')f. (4.11) 



Lemma 6 There exists an integer n > R and a set of configurations %R >n £ 
such that fj,(%R n ) > 1 — 5 and, for every Y G X_R n , 



vr„(/„,yo > _ | IX,,!^) < S. (4.12) 



Let such an n be fixed for the rest of the proof, let := X^ n n X^ n X n be 
the set of good configurations of positions, and for J £ X let 

Ai,x ■= [A C E(X,n) : r A)X {K>) < R, fn,x{ A ) < p^} 
be the set of good bond sets. 

Lemma 7 For €vcvy Y £ Q,7id A £ J\*fi y° have 

/x(X 5 ) > 1-35 and ir n (A n , Y ° \ Y£ n , Y K ) > 1 - 26, (4.13) 
tZ°' A (x) = r Vxey A ° n , and r n y °' A (x) = VxG^, (4.14) 
V<^ r '^ ly ) + £ e -<^ ^y) > e -<J Y ). (4.15) 

All these facts together imply 

Lemma 8 For the integer n and the set X# we have 

^ 7An (r' l BnX 5 \Y) + | 7An (rSnXi|y) > 7 A„(^nX 5 |y) - 25. (4.16) 

Now integrating (|4.16l) - using property (|3.2|) of /i and (|4.13|) - yields 

^(r-'B) + | M (rB) > y.{B) - 55 

for arbitrary /i e S([/), t £ G, n' £ N,B G 9"y,A n , and 5 > 0. Letting 5^0 
the assertion of the theorem follows by using results from the general theory of 
Gibbs measures, see |G1| . chapter 9.1, proposition (9.1) for example. 

5 Proofs of the lemmas 

5.1 Property of the correlation function: Lemma U 

Let U be a superstable and lower regular potential, \x G S(£7) a tempered Gibbs 
measure, £ G R a correlation bound, m > an integer and / : (R 2 ) m — ► R + a 
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measurable function. The Poisson point process v satisfies for every measurable 
g : y An - R+ 

ju(dY) Yf f(xi,...,x m )g(Y) 

xi,...,x m eY£ N 

= z m / dxi...dx m \ da 1 ...da m f(xi, ...,x m ) / u(dY') g((X,a) m Y'), 

JA<fi JE m J 

where (X,a) m := {(xj,<7j) : 1 < i < m}. Using this equality, the characterisa- 
tion of Gibbs measures (|3.2|) , the definition of the conditional Gibbs distribution 
and the definition of the correlation function we get 



J K dY ) Yf f{xi,...,x m ) 

N 

= j^dY)-^ fu(dY) Y? f(xi,:.,x m )e- HU ^^ 

= / dx\.. . dx m / doi... da m f(x h ...,x m ) z m p u ^({X,a) m ) 
Ja™ J 

< (z£) m / dx 1 ...dx m f{xi,... 

i x m ) j 



where we have used the bound ()3.3j) on the correlation function in the last step. 
Letting N — ► co the assertion (|3.4|) follows from the monotone limit theorem. 

5.2 Convergence of energy sums: Lemma [5] 

Let n € N. For every X € X we have 

Y J{xi-x 2 ) < Yf 1 {^ieA n } J{xi - x 2 ), so 

xiX2CE(X,n) xi,X2£X 

/J,(dY) Y J(xi-x 2 ) < (z£) 2 dx 1 dx 2 l{ Xl <=A n }J(xi-x 2 ) 

X!X 2 CE(Y°,n) 

by lemma and the right hand side of the last inequality is at most 
cj(2nz^) 2 < co. So the assertion is true for 

X n := | X € X : Y^ J( x i — x 2 ) < oo j. 

xiX2CE(X,n) 

5.3 Stochastic domination: Lemma [S] 

A general sufficient condition for stochastic domination in a situation like the 
one considered is given by R. Holley (see [H] e. g.). The result is the following: 
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Lemma 9 Let Z = {ei,e2,-.-} be a countable set, (e e ) ee z a familiy of reals 
in ]0, 1], H>z the Bernoulli-a- algebra on 7(Z), and let A and A e be random 
variables with values in ( , J > (Z),'Bz) such that A t is a Bernoulli process with 
bond probabilities e e , and for every e G Z we have P(e G A\A \ e) < e e a. s. . 
Then £(A) <L{A e ). 

Proof: Let all assumptions of the lemma hold. First we consider the finite sets 
Z^ n ) ■= {ei,...,e n } and let A (n \A { r ] be the restrictions of A, A e to Z^ n \ i. e. 
yi(n) = A n Z^ and A^ = A e n Z^ . For any n G N and e G Z^ we have 
P(e G A^l-A^ \ e) < e e a. s. , which is a straightforward consequence of 
P(e G .A | .A \ e) < e e a. s. and the properties of conditional probabilities. Now 
the criterion of R. Holley (as presented in CUM . Theorem 4.8., for example) 
gives £(.A( n )) r< &(A{ n) ). If £,(AW) and £(A^ n) ) are considered as measures 
on (7(Z), "Bz) we observe that 

L(A {n) ) -> £(A) and £(.A( n) ) -> £(A e ) weakly as n -> oo. 

As stochastic domination is preserved under weak limits (see |GHM| . Cor. 4.7., 
for example) we get XL (A) H £(.A e ). □ 

Now, turning to the proof of lemmaEllet n G N, y G y and i£ n := E(Y°, n). 
In order to show that 7r n (.|Y^ , Yy c ) ^ 7T (-\^ r °) we ma y consider both mea- 
sures as measures on (££ n ,S£ n ). We also may assume that Y° G X n and 
W„(Ya„) Ya c ) > ^* lemma E| it is sufficient to show that, for every bond 
X1X2 G -E^ and every finite bond set D C E n \ {x±x 2 }, 

ir n ({xix 2 } U D \ Y£ n ,Y\c) < ({D,{x 1 ,x 2 }UD}\YZ n ,Y K ). 

(Here we have used that the whole weight of ir n (.\Y£ , Y\^) is on the countable 
set of finite bond sets.) So let x\x 2 G E n and D C E n \ {x±x 2 } be finite. By 
the definition of 7r n the last inequality is equivalent to 

/ d*r L V n (D,(Y£ n ,a)Y K 

But since < e x±X2 < 1 and < v < e, the term in the brackets is at least 

e xlX2 + (e XlX2 - l)(e e ^ - 1) > 0, 
which completes the proof of the Lemma El 



> 0. 



5.4 Cluster bounds: Lemma HI 

Let n > n' be a fixed integer. For a given configuration X G X and a bond set 
A G E(X, n) we consider the cardinality of the cluster of points from A := A n /, 
which is defined by 

C A (A) := I (J C AX (x)|. 
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For all X G X we have the estimate 



L(dA\X) C A (A) < f *{dA\X) Y, E \ x ^ x , 



= E T,< x ~ 

xex A x'ex 

m 

m>0 xo,...,i m €X i=l 

where we have used (|4.6|l . By Lemma|I]we have 



M(dy)/(y°) < E £m (^) m+1 / dx o-dx m l XoeA H J{xi - Xi-i) 

m>0 i=l 

< ^(2n') 2 ^ (^ ec ^) m =: c < oo 

m>0 

due to (jO|> . Letting 

X' R := { X G X : /(X) < | } 

we get /u(X' R ) > 1 — <5 from Chebyshev's inequality, and for any X € X^ we 
have again by Chebyshev's inequality that 

n(c A >^\x) < £ J n(dA\X) C A (A) < 

Now let n > n', R > n' and X G X^. Then, by the above estimate, 
7r(r.,x(A) > | X) 

< -fe>| 



a:) + ;r A --. p , r., x (A)>i2 



X 



< — + k({A : 3 1 < m < 3 distinct xq, x m G X : 
2 \ d 6 



2c 



X 



= y + E E E" \. 

J 2 

=: y + MX), 
and Lemma n yields 



a? €A,[|a:j-a:j_i[|> (fl 2 "' )<53 



1=1 



At(dF)/fl(n < E em E (^) m+i / '■/■'•u-'/-'-,» 

m>l jf=l 



i=l 

x f(R-n')8 3 



< (^ £ ) m m ( 2 ™)' 2 c j _1 c ( 



m>l 



2c 
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In the last step, the integrals have been estimated backwards from x m to xq, 
where integration over Xj gives the constant c( ^~ 2 "^ ) defined in (|4,1|) . As 

lim^-^oo c( ^~ 2 "^ ) = and the sum over m is finite by condition (|4,2|) . we can 
fix an R > n' such that 

M<«o(f +/«n) < * 2 - (5.i) 



Now let 



X£ := { X G X : j + < d } 



and X/j := X^. D X' R , then by Chebyshev's inequality and (|5.1j) we have 
[i{X" R ) > 1 — (5, and hence h(Xr) > 1 — 25. For every F G Xr the event 
{^4 : r j 4 ) yo(A) > i?} is increasing, so by stochastic domination (|4.5j) we have 

n n ({A:r AX o(A)>R}\Y£ n ,Y A cJ < 7r n>e ({A : r A>Y o(A) > R} | Y°) 
< y + fnOn < 6. 

5.5 Properties of r n and Q: Lemma [3] 

(|4.9j) is evident from the definition of r n , and lim n ^ 00 Q(n) = oo is a con- 
sequence of log log n < Q(n) for n > 2. For (|4.8|) let G IR 2 such that 
1 1 ^'11 > H^ll- The left inequality is trivial and for the right inequality we may 
assume that \\x'\\ > R and ||x|| < n because of (|4.9fl . Hence 

/■min{||a;'||,n} ( I _ p\ 

r(\\x\\-R,n-R)-r(\\x'\\-R,n-R) = / ^ ^ds' 

Jmax{R,||a;||} Q( n _ 

/ii l(\\ x \\ ~ R) II / ( 1 1 1 1 — R) 

- ^II-INIJ Q{n _ R) ^ W x ~ X W Q( n -R) ' 

where we have used the monotonicity of q and the triangle inequality. Now 
(|4.8|) follows immediately. 

5.6 Probability of bad bond sets: Lemma El 

First of all we state two easy facts. First, 

m 

\\x m -x \\ 2 < "ijjdl^i - Xi-i\\ 2 + 1) V m > l,x , ...,x m G R 2 , (5.2) 
i=i 

by the triangle inequality and the arithmetic-quadratic mean inequality. Sec- 
ondly, 

/ dx q(\\x\\ - Rf < 8(R + 3) 2 + 8RQ(n - R) V n > R, (5.3) 
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which is obtained by the substitution t := ||ac||: 

rR+3 f-n-R 

dx q(\\x\\ - R) 2 < I 

'A™ 



p prl+6 pn—ti 

/ dx q(\\x\\ - Rf < / dtSt + dt 8(t + R)q(t) 2 

J A n JO J3 

pn—R 

< 8(R + 3) 2 + 8R / g(t)df = 8(,R + 3) 2 + 8RQ(n-R), 
Jo 



where we have used in the first step that q(t) < 1 V t € R, and in the second 
step that t + R<tR for t,R>2, and tq(t) < 1 V t > 3. 

Now for the proof of LemmalHllet n > R and 1" € y be arbitrary. Using the 
arithmetic-quadratic mean inequality to estimate (r^' (x) — Tn' A (x')) 2 we get 



fn,Y°(A) < 6 ^2 1 {x^x'} J(x ~ x') (T n (t A (x)) - T n (x)) 2 
x,x'eY° 

+ 3 ^2 1{\\ X \\<\\ X ,\\} J{x - x') (t u (x) - r n (x')) 



x,x'&° 



Substituting z := tj±(x) and introducing li z =t A (x)} i n the first sum we need only 
consider z £ Y° such that ||x|| < \\z\\ and i/z, By distinguishing the cases 

z ^ x,x' and z = x' and by using {A : i^(^) = %} C {A : x < — > z} we can 
estimate the expectation value of f n ,Y° by 

7r n (dA\Y£ n ,Y Ac J f n>Y o(A) 

< 6 X) 1 {lkll<lkll} J ( X ~ X ') ( T n( z ) - T n{x)) 2 K n {x z\Y£ n ,Y A c n ) 
x,x',z£Y° 

+ 9 ^Z^ 1 {lkll<lkll} J ( X - Z ) ( T n( X ) - r «( 2 )) 2 

x,zeY° 

Next we use the stochastic domination (j4.5j) for the increasing events x <— > z 
to estimate 7r n (x ^—^ Z \Y\ j ^A c )> an d we use (|4.8|) from LemmaEl noting that 
T n (x) = = T n (z) for n < ||x|| < \\z\\. So we get 



ir n (dA\Y^Y K ) f nX o(A) 

< e y? - - 2 ii- - -ii 2 o'fa'r^r — -i yo ) 

« , T/ . 2 ii n2<?(IMI ~ R ) 2 

=: Sx(y ,n) + S 2 (y°,n). 
In order to deal with Si(Y°,n) we distinguish the paths xq, ...,x m from x to z 



17 



analogously to Q4.6|) and distinguish the ' and Xj x' V j. Hence 



m>\ x',x ,...,x m £Y° 



T \\X - X r , 
m—1 



1 2 gCM -^) 2 

1 Q(n-i?) 2 



r ||a;o-x r 

Applying Lemma|I]we thus find 
li{dY) ^i(Y°,n) 

< 6 e m (zO m+1 J dx ...dx m 

■m>l 



+ 6 E £m E E Wa«} ^0 " *j) 

m >l j=l xo,...,a; m ey o 

|2 (?(||xo|| -i?) 2 



Q[n-Rf 



X\j{Xi~ Xi-l). 



i=l 



-i 2 1, 1 1 2 q(\\zo\\ - Rf 



Q(n - R) 2 



i=l 



m—1 



Y\ J(xi - Xi-i)(^ z£ j dx'J(x - x) + J(x - xj] 



After applying (|5.2|) to ||xo — x m \\ 2 and estimating the parentheses (.) by z^cjm 
we evaluate the integrals backwards from 



j '/i(dy)Ei(y°,n) 

< 6 £ m 2 e m Cj (^r +2 (2 Cj )"V 2 | l {ireAn} 



g(IHI-fi) 2 

Q(n-i?) 2 

< 6 Cj (^r) 2 [£ m 2 (2 £Cj ^H 8(fi + 3) ' + _ 8 gg (n "^ , 

m>l ' 

where we have used (|5.3f) in the last step. The expectation value of £2 can be 
treated similarly, and the estimates together give 



J fi(dY) [s 1 (y°,n) + s 2 (y ,n)] 

< [6 ^m 2 (2e CJ ez) m + 9] cj (rz£) 



8{R + 3) 2 + 8RQ(n - R) 
Q(n - R) 2 ' 



The sum over m is finite by the choice of e (|4.'2j) . and because of lim^oo Q(k) = 
00 the fraction on the right hand side can be made arbitrarily small choosing 
n large enough. So there is an integer n > R such that 



J n{dY) [s 1 (y°,n) + s 2 (y°, 



n 



< 



26 2 



(5.4) 
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Let 



Xi?) 



{xeX: E 1 (X,n) + E 2 (X,n) < JL}, 



then we h.£tv6 found ft and X/^ n as desired, as by (|5.4|) and Chebyshev's inequal- 
ity we have /i(X# jn ) > 1 — 6, and for every Y E X# jn we have by the definition 
of Xj^ n , Si and T, 2 and again by Chebyshev's inequality 



7IY, 



/, 



> 



IF" I 



< 



5.7 Properties of good configurations and bond sets: Lemma 

Let Y E X5, A E ^ln,y° and i^ ra := ^(y 5 , n). The inequalities (|4.13f) then follow 
immediately from Lemma 0] and Lemma H3 (|4.14|) follows from (|4,9j) because 
rA,Y°(^n') < R- For (|4,15|) we consider V as a 2-7r-periodic function on R. By 
the smoothness of V we can use a Taylor expansion to obtain for all a, b E R 

V"(o + 6) + F(a - 6) - 2F(a) < ||F"||& 2 , 

where \\V"\\ < 00, as V" is continuous on a compact space L W.l.o.g. we may 
assume the right hand side of (|4.15f) to be positive, hence \Hj[ (Y)\ < 00. So we 

have, introducing T] xuX2 := <r xl (Y) - a X2 (Y) and $ XUX2 := r,f' A (xi) - Tvf ,A (x 2 ), 

Ht{(r^ A r l Y) + H° An {r^ A Y) - 2fl£,(T) 
= ^2 J{xi-x 2 ) [V(rj Xl>X2 - $ xljX2 ) + V(rj xljX2 + $ Xl , X2 ) - 2V(rj xljX2 )] 

< Y, J(xi-x 2 )\\V"\\^ X2 = \\V"\\ f ntY o{A). 
By the convexity of the exponential function we conclude 

V<« T * ,A )~ ly ) + %- h U^' Ay ) > e i-5<((^' A )-^K<(^' A ^) 
2 2 - 

> e l-^/„,ro(A) . e -Hl n {Y) > e -<( y ), 



5.8 Inequality for the specifications: Lemma [H] 
By (|4.4f) it is sufficient to prove that for every Y E X5 we have 



7r n (dA|y A ° n ,y A ,) [ -a n {T~ l B\A,YZ n ,Y Kt 



+ -a^r^lA^,^) - a n (B\A,Y£ n ,Y K/ 



+ 25 > 0, 



and because of (|4.13f) it suffices to show that, for every Y E X$ and every 
finite A E A n yo such that W n (A, Y£ , Y\c) > 0, the term in square brackets is 
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nonnegative. By definition of a n , this will follow once we have shown that for 
every X £ Xa„ , Y S and every finite A £ A n ^xY° we have 

J da' x e~ H Sj Y ^ ( e -l T -i B (Y*>) + e -l rB {Ya') - l B (Ya') ) 

. TJ ^J(x 1 ~x 2 )v(a Xl (Ya')-a X2 (Ya')) _ ^ > ( 5 ' 5 ) 

where we have used the notation Ya := (X, a)Y . So let X, Y and A as above. 
The integral on the left hand side of (|5.5j) can be split into the three parts 
and Iq corresponding to the terms t~ 1 B, tB and B, and for any x E X 
we make the substitutions a x := a' x + Tn' (x) and a x := a' x — Tn'(x) in /_ and 
i+ respectively. Because of ()4.14(l the spin transformation Tn ,A has no effect 
outside of A n , so that Ya' = (rn' A )~ 1 (Ya) and Ya' = Tn' A (Ya) respectively. 
Because of (j4.14j) we have t~ 1 B = (t a )~ 1 B and tB = t a B, so that after 

the substitution the indicator functions simplify to l B (Ya). Because of (14.101) . 

X A 

r n ' is constant on particles joined by bonds in A, so in J_ we have 

a xl (Ya) - a X2 (Ya) = a Xl (r^ A (Ya')) - a X2 (r^ A (Ya')) 

= a Xl (Ya') + r^ A (x 1 )-a X2 (Ya')-r^ A (x 2 ) = a Xl (Ya') - a X2 (Ya'), 

for every a € {S 1 ) x and for every bond X\x 2 £ A, and the same holds for I + . 
Therefore the left hand side of (|5.5|) is equal to 

J da x [ l B (Ya) J] ( ^-^W^.M-^s^)) _ 1 

xxx 2 eA 

e -Hl((r^ A )-HYa)) £ g -< (r,f> V-)) _ ^jYa) 

2 2 

which is nonnegative by (|4,15|) from Lemma This proves ()5.5|) and completes 
the proof of the Lemma |HJ 



6 Proof of Theorem [T] 

Let the assumptions of Theorem ^ hold. First we observe that for every r 6 G 
there is a torus T such that r £ T and T is a subgroup of G. Every torus is 
a finite product of compact 1-dimensional subgroups of G, so w.l.o.g. we may 
assume that r is contained in such a subgroup, i. e. we may assume that G 
is a compact 1-dimensional Lie- group, and hence that G = S 1 (for details see 
|DSj for example). 

For general S we have to modify the decomposition of V. What we need is 
a decomposition V = V — v as guaranteed by Lemma ITU1 presented below. 

In order to deal with general J we have to construct two different decom- 
positions of V: For (x\, (x 2 , a 2 ) € R 2 x 5 such that J{x\ — x 2 ) > we 
decompose as before: V(a\,a 2 ) = V+(o"i, a 2 ) — v + (ai,a 2 ), but if J{x\ —x 2 )<Q 
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we decompose V(a±,a2) = V-{a\,a2) + v_((Xi,<72), where V- and V- have the 
same properties as v+ and V+ respectively. This decomposition is also obtained 
analogously to the following lemma. 

The rest of the proof simply carries over. □ 
We still need 

Lemma 10 Let E be a compact topological space and let S 1 operate on E 
continuously. Let V : E 2 — > IR, be a continuous mapping. Then we have a 
decomposition V = V — v such that < v < e, V is symmetric and S 1 -invariant 
and such that V(a, rb) is twice continuously differentiable with respect to r such 
that d 2 V(a,rb) is bounded uniformly in a and b. 

Proof: 

Here we consider S 1 = R/Z and we identify functions on S 1 with periodic 
functions on 1R. As a function of all three arguments V{a, rb) is continuous on 
the compact space E 2 x S , and therefore uniformly continuous. Hence there 
exists a 5 > such that 

\/ a,b £ EV t',t £~R: \r' - t\ < 26 \V(a, r'b) - V(a, rb)\ < |. (6.1) 

For this 5 we choose a twice continuously differentiable symmetric probability 
density fs ■ R — > R+ with support in [—5,5], for example 

s 2 r s s 2 

f s (t) := c • 1]- S ,s[(t) ■ e with c := / e dt. 

J —8 

Setting 

V(a,b) := J dt f s (t)V(a,tb) + ~ and v := V - V 

gives us the desired decomposition. V is measurable by Fubini's theorem, and 
symmetric, because V is symmetric and S^-invariant and fs is symmetric. V is 
S' 1 -invariant because V is. < v < e is a straightforward consequence of (|6.1j) 
and the small support of fs- Finally, V (a, r b) = J dt f$(t —r)V(a, tb)-\-%, which 
is twice continuously differentiable with respect to r such that d 2 V(a, rb) = 
fdtf 6 '(t-T)V(a,tb) is bounded by 25||/£'||||V||. □ 
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